We propose a model for the measurement of an arbitrary multimode entangled state of the cavity field using two-photon correlated emission laser. We consider two cases: ͑a͒ The modes have different frequencies and are detected separately and ͑b͒ the modes consist of two orthogonal polarization states and are detected using a single balanced homodyne detector. The basic idea is to amplify the initial multimode state such that there is no-noise in the quadrature of interest and all the noise is fed into the conjugate quadrature component. The amplified noise-free quadrature is prepared in different phases and then corresponding quadrature distribution is measured. The Wigner function of the initial multimode entangled state is then reconstructed by using inverse Radon transformation. This scheme is insensitive to the noise associated with the nonunit efficiency of the detector in the homodyne detection measurement scheme.
I. INTRODUCTION
Quantum entanglement is one of the most fascinating nonclassical properties of a composite quantum system ͓1͔. Its nonlocal character lies at the heart of quantum information theory. The idea of teleportation ͓2͔, quantum computing ͓3͔, quantum error correction ͓4͔, cryptography ͓5͔ and many more ͓6͔ reside on the quantum entanglement. In this paper, we propose a scheme for the measurement of an arbitrary multimode entangled state of the cavity field.
Methods to measure the quantum state of the running field as well as the cavity field have been extensively studied in recent years. There are different proposals for the reconstruction of quantum state of the field based upon quantum tomography ͓7-9͔, absorption and emission spectroscopy ͓10͔, the conditional measurement of the atoms in a micromaser cavity ͓11͔, dispersive interaction of a single circular Rydberg atom with the cavity field ͓12͔, and others ͓13͔. Recently, some pioneering experiments have also been done to measure the quantum state of the field ͓14͔ ͑for a review, see Refs. ͓15,16͔͒. However, most of the recent studies are related to a single mode of the cavity field and there are only a few schemes for the measurement of multimode field inside a cavity ͓17͔.
Earlier, we proposed a scheme for the reconstruction of a single-mode quantum state of the cavity field ͓8͔. The scheme is based upon the amplification of the field using a two-photon correlated emission laser ͑CEL͒ amplifier ͓18,19͔. During the amplification, there is no noise in the quadrature of interest and all the noise is fed into the conjugate quadrature. The complete distribution for the noise-free field quadrature is measured via optical homodyne detection. The Wigner function of the initial quantum state is then reconstructed by using inverse radon transformation familiar in quantum state tomography. Following the same proposal, we study here the reconstruction of an arbitrary multimode entangled state of the cavity field. We consider two possible cases. In the first case, the cavity modes are defined in terms of different frequency component and detected separately using balanced homodyne detectors ͑BHD's͒ and in the other case the modes consist of two orthogonal polarization states and detected using a single balanced homodyne detector.
The case in which the cavity modes consist of different frequency components can be handled by separating n modes and sending them into separate BHD's. The joint quadrature distribution (x 1 ,x 2 , . . . ,x n ; 1 , 2 , . . . , n ) can be obtained by measuring the noise-free quadrature components x 1 ( 1 ), x 2 ( 2 ), . . . ,x n ( n ) by varying the local oscillator phases 1 , 2 , . . . , n from 0 to , independently. Multimode amplification with reduced noise for different quadrature phases can be obtained by injecting multiple beams of three-level atoms inside the cavity, initially prepared in a coherent superposition of their upper and lower atomic levels using classical fields of different values of phases 1 , 2 , . . . , n , accordingly. The joint distribution function is then used to reconstruct the Wigner function of the multimode field using quantum state tomography.
In case when the cavity modes consist of two orthogonal polarization states of the cavity field, the noisefree amplification can be obtained by using the same two-photon CEL setup. The two beams of injected atoms independently amplify the two polarization modes such that there is no noise in the quadrature of interest. On the measurement side, we can use a single BHD setup to detect the cavity field in which the local oscillator field is in a linear superposition of the two polarization modes ͓20͔. The field which is allowed to leak through the end mirror of the cavity is passed through a controllable phase shifter and then through a rotatable polarizer prior to its entry in the balanced homodyne detector. The generalized quadrature distribution (x, 1 , 2 ,) is calculated from the measured generalized quadrature between the modes of the field by the phase shifter. The angle is controlled by a polarizer that determines the relative amplitude of the two modes that enter the BHD. To obtain noise-free amplification for a set of generalized quadrature phases given by 1 and 2 , we prepare the amplifiers in different phases 1 and 2 , accordingly. We have calculated the complete noise-free generalized quadrature distribution (x, 1 , 2 ,) for 1 , 2 , and , all varying from 0 to for an arbitrary two-mode entangled quantum state after its amplification through a two-photon CEL. The noise-free quadrature distributions are then used to reconstruct the Wigner function of initial state by employing quantum state tomography ͓7͔. It may be pointed out that the proposed scheme overcomes the problems associated with the nonunit efficiency of the detector in homodyne detection measurement scheme.
The paper is organized as follows. In Sec. II, we present the model of a two-photon CEL, and in Sec. III and IV, we discuss the reconstruction scheme of a multimode cavity field for different frequency and polarization modes, respectively. Details of the calculations for multimode tomography are presented in the Appendix.
II. TWO-PHOTON PHASE-SENSITIVE LINEAR AMPLIFIER
For a phase-sensitive linear amplification, we consider the model of a two-photon CEL amplifier proposed by Scully and Zubairy ͓18͔. In a CEL, atomic coherence is produced by considering a beam of three-level atoms in a cascade configuration ͑as shown in Fig. 1͒ , initially prepared in a coherent superposition of their upper and lower atomic states ͉a͘ and ͉c͘, i.e., i ϭ aa ͉a͗͘a͉ϩ ac ͉a͗͘c͉ϩ ca ͉c͗͘a͉ϩ cc ͉c͗͘c͉. ͑1͒
The atoms are injected at a rate R inside the cavity where they interact with the cavity mode for a time , the injection rate and interaction time are such that there is not more than one atom at a particular time inside the cavity. The mode frequency of the cavity field is also considered to be resonant with the atomic transitions ͉a͘Ϫ͉b͘ and ͉b͘Ϫ͉c͘. The evolution of the reduced density matrix of the field is given by the following master equation:
where AϭRg 2 2 ( aa Ϫ cc ) is the gain coefficient. Here g is the atom-field interaction constant and aa ( cc ) is the density-matrix element corresponding to atoms in level ͉a͘ (͉c͘). The constants N and M are defined as
The terms proportional to M contain the phase sensitivity of the coherent atomic superposition, which play a crucial role during the amplification process. Two-photon phase-sensitive linear amplifier allows us to amplify the signal such that there is no noise in one of the quadrature components and all the noise is fed into the conjugate quadrature. Therefore, quantum features associated with the field remain intact in one of the quadrature components and can be measured using the balanced homodyne detection scheme. The measured quadrature components then can be used to reconstruct the initial quantum state of the cavity field.
Here we present an intuitive explanation of why the twophoton CEL serves as a phase-sensitive amplifier. During the amplification process, spontaneous emission event occurs, and as a result the atom undergoes a spontaneous transition from the upper level ͉a͘ to the middle level ͉b͘. The randomness of this transition leads to an arbitrary phase of ͉b͘ which is not determined by the atomic coherence. However, in the subsequent transition of the atom from level ͉b͘ to level ͉c͘, the atom remembers the arbitrary phase of the level ͉b͘ and as a result, the total phase coherence is preserved in a CEL. In other words, the noise which is created during the spontaneous transition from level ͉a͘ to ͉b͘ is compensated by a subsequent transition from ͉b͘ to ͉c͘ such that the combined field has the same phase. This phase is completely determined by the atomic coherence which is initially introduced between the levels ͉a͘ and ͉c͘. Therefore, the noise created by spontaneous emission events in a CEL is quenched and the process serves as a phase-sensitive amplification.
To reconstruct a multimode cavity field, we need noisefree amplification with respect to all the cavity modes. For different frequency modes we can inject multiple beams of three-level atoms inside the cavity, initially prepared in a coherent superposition of their upper and lower atomic states such that the transition frequency of each atom in a particular beam is resonant with a specific cavity mode. Under this condition, the individual frequency modes amplify indepen- dently and the noise-free amplification can be obtained. However, for two orthogonal polarization modes with the same frequency, we can consider two beams of atoms having the same transition frequency resonant with the cavity field. The atoms are again prepared in a coherent superposition of their upper and lower atomic states and injected inside the cavity. The injected atoms amplify the two polarizations modes independently such that there is no noise in the quadrature of interest.
The initial quantum state can be obtained by reconstructing the corresponding Wigner function. Here we study the evolution of the Wigner function for any arbitrary n-mode entangled state of the cavity field after amplification through a phase-sensitive linear amplifier. In the following sections, we show how it can be used to reconstruct the quantum state of the cavity field for different frequency or polarization modes. The evolution of the Wigner function for a singlemode field can be obtained using Eq. ͑2͒ ͑see Ref. ͓8͔͒, which can be easily generalized for a multimode field and is given by the following:
where n corresponds to the number of cavity modes and the conditional probability W c (␣ j ,␤ j ;t) is given by
͑5͒
Here Gϭexp(At) is defined as the gain factor which is assumed to be the same for all the amplified modes. The complex quantities ␣ j and ␤ j are expressed in the polar forms as ␣ j ϭ͉␣ j ͉exp(i j ) and ␤ j ϭ͉␤ j ͉exp(i 0 j ). The phase j corresponds to the coherent superposition of levels ͉a j ͘Ϫ͉c j ͘,
i.e., a j c j ϭ͉ a j c j ͉exp(i j ) for the jth beam of the atoms. In the case of perfect coherence, we have the relations ͉ a j c j ͉ϭͱ a j a j c j c j . The squeezing parameters r j are defined such that ͓21͔ tanh 2 r j ϭ a j a j c j c j .
In terms of the squeezing parameters r j , the constants N j and ͉M j ͉ are given by
It is clear from Eq. ͑4͒ that the initial state which is characterized by an arbitrary n-mode entangled state of the cavity field is amplified such that each individual mode amplifies independently.
III. QUANTUM STATE RECONSTRUCTION: N-CAVITY MODES WITH DIFFERENT FREQUENCIES
First we discuss the measurement of the Wigner function for a multimode cavity field which consists of different frequency components. Different frequency modes can be detected in separate balanced homodyne detection setup and the joint quadrature distribution can be obtained. The quadrature of each mode is given as
for jϭ1,2,3, . . . ,n, where n is the number of modes inside the cavity. Here phase j can be varied independently by varying the phase of the jth local oscillator. A complete joint distribution for the measured quadratures is given by (x 1 ,x 2 , . . . ,x n ; 1 , 2 , . . . n ). The joint quadrature distribution for the amplified multimode field, which bears a one to one correspondence with the n-mode Wigner function, can be obtained using Eqs. ͑A6͒ and ͑4͒ and is given by ͑x 1 ,x 2 , . . . ,x n ; 1 , 2 , . . . , n ͒ϭ ͵
͑8͒
where P(x j , j ;t) is given by ͓8͔ 
It is clear from Eq. ͑9͒ that a one to one correspondence exists between the phases jϭ1,2, . . . ,n of the atomic coherence and the phases jϭ1,2, . . . ,n of the local oscillator.
To reconstruct the Wigner function, we need a complete set of joint quadrature distribution (x 1 ,x 2 , . . . ,x n ; 1 , 2 , . . . , n ) for jϭ1,2, . . . ,n all varying from 0 to . The noise-free amplification for n modes can be obtained by injecting n beams of three-level atoms initially prepared in a coherent superposition of their upper and lower atomic states with a fixed phase j and by adjusting the phase of separate local oscillators j such that j ϭ j /2. The complete set of quadrature distribution for j going from 0 to can be obtained if we prepare the n beams of atoms for a set of values of atomic coherent superposition phases j ranging from 0 to 2.
Once the joint quadrature distribution (x 1 ,x 2 , . . . ,x n ; 1 , 2 , . . . , n ) is measured using separate balanced homodyne detection setup, then the corresponding Wigner function can be obtained by carrying out optical tomography ͑see the Appendix͒. On substituting Eqs. ͑8͒-͑9͒ into Eq. ͑A7͒, we obtain the Wigner function of the noise-free amplified quantum state in terms of the rescaled variables ␣ x 1 ϭ␣ x 1 /ͱG, . . . ,␣ x n ϭ␣ x n /ͱG, ␣ y 1 ϭ␣ y 1 /ͱG, . . . ,␣ y n ϭ␣ y n /ͱG, and 1 ϭ 1 /ͱG, . . . , n ϭ n /ͱG, which is given by the following:
͑10͒
where
Here we have used the definition
It is clear from Eq. ͑11͒ that for sufficiently large squeezing, i.e., in the limit when r jϭ1,2, . . . ,n →ϱ and for any arbitrary value of the gain parameter GϾ1, we recover the Wigner function of initial multimode quantum state of the field. It is interesting to see that any arbitrary n-mode field which consists of different frequencies can be reconstructed using the proposed scheme, however, an appropriate rescaling of the measured distribution is required.
IV. QUANTUM STATE RECONSTRUCTION: TWO POLARIZATION MODES OF THE CAVITY FIELD HAVING THE SAME FREQUENCY
Here we consider the case when the two radiation modes have the same frequency but orthogonal polarizations. In order to measure such a two-mode field, we follow the scheme proposed in Ref. ͓20͔ which suggests the use of a single set of balanced homodyne detection. The cavity field which is allowed to leak through the end mirror is first passed through a phase shifter that produces a relative phase shift of in between the two modes of the field. The field is then passed through a polarizer that determines the relative amplitude of the two modes which then enter in a balanced homodyne detector. The field operator after the polarizer is given by the following:
where a 1 and a 2 correspond to modes one and two, respectively. The two-mode Wigner function can be reconstructed by amplifying the signal such that there is no noise in the desired generalized quadrature measured by the balanced homodyne detector and all the noise is fed into the conjugate generalized quadrature. It follows from Eq. ͑15͒ that the amplified signal without the added noise in the quadrature (x, 1 , 2 ,) can be obtained if we choose 2 1 Ϫ 1 ϭ0 and 2 2 Ϫ 2 ϭ0. In order to obtain noise-free amplification for the two-mode entangled cavity field, we prepare the amplifier by injecting two beams of three-level atoms initially prepared in a coherent superposition of their upper and lower atomic states with fixed phases 1 and 2 , respectively. The injected atoms amplify the two polarization modes of the cavity field independently. The noise-free generalized quadrature can be obtained by adjusting the phase of the local oscillator 1 such that 1 ϭ 1 /2 and ϭ 1 Ϫ 2 /2 ͑where is the phase difference between the two modes of the field produced by the phase shifter͒. To find a complete set of distribution (x, 1 , 2 ,), we prepare the two beams of atoms for a set of values of atomic coherent superposition phases 1 and 2 ranging from 0 to 2 and obtain the noise-free amplification for the desired quadratures. The Wigner function of the initial two-mode quantum state can then be reconstructed from the measured values of noise-free generalized quadrature (x, 1 , 2 ,) by carrying out the inverse Radon transformation familiar in the tomographic imaging ͓7͔. On substituting Eq. ͑15͒ into Eq. ͑A12͒ and after some simplification, we obtain the following expression for the Wigner function in terms of the rescaled variables ␣ x 1 ϭ␣ x 1 /ͱG, ␣ y 1 ϭ␣ y 1 /ͱG, ␣ x 2 ϭ␣ x 2 /ͱG, and ␣ y 2 ϭ␣ y 2 /ͱG:
ͮͬ. ͑17͒
Here we have used
For sufficiently strong squeezing, i.e., in the limit when r jϭ1,2 →ϱ and for any arbitrary value of the gain parameter GϾ1, the function R(␣ j ,␤ j ;t) approaches a ␦ function and we obtain the same original two-mode entangled state. This clearly shows that any arbitrary two-mode entangled quantum state which is defined in terms of two orthogonal polarization states can be fully recovered after its amplification through a phase-sensitive linear amplifier and an appropriate rescaling of the measured distribution.
In conclusion, we propose a scheme for the measurement of multimode entangled state of the cavity field using phasesensitive linear amplification. We consider two cases of interest: ͑i͒ modes are defined in terms of different frequencies and ͑ii͒ modes consist of two polarization states. It is shown that in both cases we can recover the original quantum state after amplification through a two-photon CEL amplifier, however, an appropriate rescaling of the measured distribution is required. For different frequency modes, the proposed scheme can be used to reconstruct any arbitrary n-mode field, which is quite interesting. It may be pointed out that, in a recent study, Santos, Lutterbach, and Davidovich have proposed an interesting scheme for the measurement of the Wigner function for n modes with different frequencies in the same or in different cavities ͓22͔.
Here we would like to mention that, during the measurement, cavity field leaks through the cavity. To ensure that the field leakage through the end mirrors does not occur during the amplification process, the time scales in the experiment have to be adjusted such that the total amplification time is very small as compared to the cavity decay time. The proposed scheme overcomes the problems associated with the nonunit efficiency of the detector.
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APPENDIX: MULTIMODE TOMOGRAPHY
In this appendix, we show how to determine the Wigner function in terms of probability distribution for the rotated quadrature phase for multimode field. We consider two cases of interest, one in which we assume the separate detection of different cavity modes and the other in which superposition of modes is detected.
Case-I: Separate detection of different cavity modes
The Wigner function may be defined as Fourier transforms of the characteristic function ͓23͔, which for the case of n modes is given by the following:
i.e.,
where is the density operator. If the n modes are separable then we can simply send them into n separate balanced homodyne detection systems and measure the joint statistics of their outputs. The homodyne detector measures the generalized quadrature-amplitude of the signal given by Eq. ͑7͒ in Sec. III. The complete information of the n-mode field can be obtained through its joint quadrature distribution (x 1 ,x 2 , . . . ,x n ; 1 , 2 , . . . , n ), which is defined as the Fourier transform of the characteristic function and is given by ͑ 1 , 2 , . . . , n ; 1 , 2 , . . . , n ͒ϭTr"
i.e., ͑x 1 ,x 2 , . . . ,x n ; 1 , 2 , . . . , n ͒ϭ 1
A one to one correspondence can be established between W(␣ 1 ,␣ 2 , . . . ,␣ n ,t) and (x 1 ,x 2 , . . . ,x n ; 1 , 2 , . . . , n ) which can be seen through Eqs. ͑A1͒ and ͑A3͒. On using the definition of quadrature phases given in Sec. III via Eq. ͑7͒, we immediately obtain It is clear that the Wigner function W(␣ 1 ,␣ 2 , . . . ,␣ n ,t) for any arbitrary value of n can be determined from the quadrature distribution (x 1 ,x 2 , . . . ,x n ; 1 , 2 , . . . , n ).
Case-II: Detection of superposition of cavity modes
Next, we consider the situation when the two modes cannot be separated, then it is not possible to measure the quadratures, independently. Under this situation, the twomode field can be measured using a single set of balanced homodyne detection, as discussed in Sec. IV. The generalized quadrature distribution (x, 1 , 2 ) for the two modes is defined as the Fourier transform of the characteristic function ͑ , 1 , 2 ͒ϭTr͕exp͓ix ͑ 1 , 2 ͔͒ ͖, 
͑A9͒
Again a one to one correspondence can be established in between W(␣ 1 ,␣ 2 ,t) and (x, 1 , 2 ) through Eq. ͑A1͒ ͑for nϭ2) and Eq. ͑A8͒. Using the definition ͓see Eq. ͑14͔͒ given in Sec. IV, we obtain ͑ , 1 , 2 ͒ ϭW ͩ i cos͑ ͒ 2 exp͑i 1 ͒,i sin͑ ͒ 2 exp͑i 2 ͒,t ͪ .
͑A10͒
By taking the Fourier transform of Eq. ͑A10͒ and using the inverse Fourier transform from Eq. ͑A2͒ for nϭ2, we obtain which is the required expression for the two-mode Wigner function in terms of the joint quadrature distribution for two polarization modes measured using a single balanced homodyne detector.
